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Abstract

For the determination of reaction paths and critical points on the potential energy
hypersurface of chemical reactions, a rigorous mathematical background for the theory
of a global searching procedure based on the catchment regions of the gradient field
is given.

1. Introduction

In order to obtain a faithful approximative picture of the course of a chemical
reaction, instead of struggling with a Schrédinger many-body problem it is sufficient
to determine the curve of the so-called intrinsic reaction coordinate (IRC) [1]. The
IRC is a reaction path (RP) which connects two minima and is tangent to the
gradient field of the energy function of the manifold of all mass weighted space
configurations. For simple reactions, the IRC is composed of two steepest descent
paths leading from a saddle point of index one (transition structure/state) to two
minima belonging to stable configurations of reactants and products. There exist
several algorithms (see, for example, refs. [2—19]) for calculating RPs in various
special cases; however, their global convergence properties have not yet been
investigated thoroughly. The most popular procedures try to find meta-IRCs [20-22]
starting from the col and leading towards valleys or, inversely, they try to hit the
col by meta-IRCs from the minima. Such algorithms are very likely unstable, and
parallelizable only with low efficiency. We propose here another approach to the
problem. Our basic idea lies in the concept of the exponential of analytical vector
fields. Having a curve ¢ and a potential function f on IR", a sufficient condition is
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that exp(z grad f)c converges uniformly to an IRC if ¢ — co. Our main theorem
contains interesting information on the attractor behaviour [23,24] of IRCs and the
convergence properties of the exponentials of gradient ficlds and opens many
possibilities of generalization.

In our first paper [25], based on Mezey’s theory [26-30] on catchment
regions, the general theory of a procedure for searching IRCs was described and
illustrated by some artificial model functions. Our main idea has been the utilization
of the observation that starting from an almost arbitrary path connecting two minima,
the (nonlinear) shifts of this curve along the negative gradient of the potential
function constitute a path homotopy which converges uniformly to some IRC under
not too restrictive conditions. It is an interesting problem to elucidate the relationship
of our method to variational principles concerning the concept of IRC [31,32]. In
the second paper of this series [33], the algorithm of the numerical realization of
the procedure and a detailed demonstration, on the model function of ref. [25], of
the most important features of the algorithm were presented. In the third paper [34],
the flow-charts and FOoRTRAN codes of a highly parallelizable simple computer program
showing the main characteristics of the procedure were published.

The aim of the present paper is to give a firm and rigorous mathematical basis
to the general theory of a well-parallelizable curve variational method [25] for
searching RPs and locating saddle points (SP) or other stationary points on potential
energy hypersurfaces (PHS) of chemical reactions. This paper contains indispensible
information for those who are interested in the numerical application of the idealized
algorithm for larger chemical systems on the convergence properties of the method.
We present here a mathematical discussion of the gradient field of the potential
function, representing the simplest situation of chemical interest. Using the mathematical
formulation described in this paper and the techniques presented in refs. [25,33, 34],
the method and procedure will be illustrated using chemical examples in a future
paper [35].

2, Main results
Throughout this section, let f: R” — R be an analytic function such that

(a) the set §:= {x:Df(x)=0) of singularities is finite;

(b) every singularity of f is of Siegel type (i.e. if y € S, then det D%/ (y) # 0 and
the vector field —D f(x)0/dx is analytically linearizable in some neighbourhood
of the point y);

© FQLNDf&X) || = e for ||x|] — e=.

Let S, (k=0,1,..., n) denote the set of those singularities x € S of f where
the second derivative D?f(x) admits k negative (and hence n -k positive)
eigenvalues. Note that Sj is the set of local minima of f and necessarily Sg= 9.

For fixed z € IR", we shall denote by ¥(z, .) the maximal solution of the
initial value problem
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d
G YO =-Df(¥(zn) yO)=z. ¢y

Since
d
3 f(¥@n=-IDfY)I* <0 2)

for any t € dom ‘¥(z, .) and the set {x: f(x) <f(x)} is compact, the function ¢ = ¥(z,t)
is strictly decreasing or constant and it is well-defined for every 12> 0.

Given a singular point y € §, according to assumption (b), by writing
MM <. <N (3)

for the eigenvalues of D%f(y), we can fix g,> 0 and a neighbourhood 17), of the
point y with an analytic diffeomorphism onto some neighbourhood of the closure
of U, in such a way that

T,(0,) = (x:lxl < e,) (4)
and for any z € U,

T,(¥(z,0) = N, (Ty(2))  (¥(z,[0,1]) < T,), (5)
where

Ay v (exp(-M) v k=1,...,n). (6)

We assume, without loss of generality, that the domains U, are pairwise
disjoint and that they are so small that the steepest descent paths of f starting from
U do not return to U. (This is possible because f decreases strictly along its
steepest descent paths outside S.)

Finally, for y € § we shall denote by A, the catchment region of the singular
point y. Thus,

A,i=(zeR": ¥ —>y t>=) (yes). ™

2.1.  PROPOSITION

We have R"=uU,sA, and, for any y € S;, the region A, is an (n-k)-
dimensional analytic submanifold of IR". Moreover, each coordination T, admits a
bianalytic extension T, to the domain U, consisting of all maximal steepest descent
paths of f touching U, and

A, =T {xeUy: xy=...=x,=0} (yeS§,). ®)
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Proof

Consider any z € R" and define @(z) := f(*P(z, ¢)) (¢t 2 0). Regarding (2), the
function @ is decreasing and analytic. Since the level set {x : f(x) < f(y)} is compact
by assumption (b), the functions ¢, ¢’, ¢” are bounded. Since @(t) linf Q (t > o0),
the boundedness of ¢” implies that necessarily ¢ — 0 (¢t = ). Hence, by (2),
IDf(¥(z, 1))]| = 0 (¢ — o). Since v : u > |D f(u)| is a continuous function and
S ={x:v(x) =0} is a discrete set, it follows that ‘¥(z,t) =y (t = o) for some
y € S. By the arbitrariness of z, this proves that R" = U, ¢ sA,.

Assume y € S;. Define

Wyoi={(z : ¥(z,0) € U,} (teR). ©)

By the analyticity of ‘P, the figures W, . are open and connected. The mapping

Ty2(2) ;= AT T,(¥(2,1))  (ze€Wyq) (10)

satisfies (5) with T, . and W, . in place of T and U, respectively. We show that 7, .
and T, coincide on W, ; " W, 4. Let T < 9. Since, by assumption, steepest descent
paths of f issued from U, do not return in U,, we must have

Y(z,)elU, (1<t<9, zeWyNW,5s). (11)

Thus, if W, . " W, g, then by (8) and (5) we have A‘;’,“‘Ty‘l‘(z, T) = Ty‘l’(z,'c + (O —-1)).
Hence,

T0(2) = AP, (¥ (2, 9))
= APASTT, (W (2,1)) = Ty (2) (z€Wyr N W), (12)

Therefore, T, := Uz ¢ rT,,; is well-defined.
We complete the proof by observing that Ay < U, and

Ty(Ay)z{ve U Wy lim A’yv=0} c{v:v,...,u,=0}. (13)

1eR f—reo

Our fundamental result is the following theorem (to be proved in section 3
in a sharper form):

2.2. THEOREM

Let f:IR® > R be an analytic function satisfying (a), (b), (c). Then the
catchment regions of the points of S cover the whole R”. Assume {c(p) : p € [0, 1]}
is a piecewise analytic curve joining two local minima of f which changes catchment
regions finitely many times. Then, by writing ¢* for the curve exp(—tDf(x)d/dx)c



L.L. Staché, M.I. Bdn, Global searching of reaction paths 409

with parameterization proportional to the arc length on [0, 1], the curves
{c'(s) : 5 €[0, 1]} converge uniformly to some IRC joining ¢(0) and c(1) for ¢ — oo,

23. REMARK

A careful examination of the boundaries of catchment regions (see proposition
2.1) shows that the hypothesis of the theorem is very probably satisfied for an
arbitrary admissible initial curve. For example, if we restrict our attention to polygons
with a fixed number of vertices joining the two minima, then such a polygon
changes catchment regions finitely many times with respect to a homogeneous
distribution with probability 1.

Concerning the local linearizability of vector fields around stationary points,
we refer to the famous Hartman—-Grobman theorem [36,37] and its analytic extension
by Siegel [38].

3. The proof and a generalization of the fundamental theorem

3.1.  DEFINITION

To prove theorem 2.2, we need the following concept. We call a function
¢ : [0, p) = R root-analytic if ¢ =0 or if ¢ is analytic on (0, p) and we can write

oW =Y au® Osusr), Dlaylr® <e (14)

wel wefl

for some r > 0 and a strictly increasing sequence 0 < Q T  with suitable non-zero
reals a, (0 € Q).

It is not difficult to see that root-analytic functions are continuous also at 0.
Hence,

minQ = max{u >20: ligl)l(p(u)lu““ < oo} 15
13

holds in (14). The uniqueness of decomposition (14) follows immediately. We call
the value minQ the order of ¢.

Given a root-analytic function ¢ with decomposition (14), it follows from the
discreteness of Q that

=Y wau’"' O<u<r), (16)
O<weQ
where the series is absolutely convergent. Thus, if p is the order of the function
¢ — ¢(0), then u!~*do(u)/du is also root-analytic.
Note that if F is an anlytic function of » variables and ¢y, . .., ¢, are root-

analytic, then F(@y, . . ., @,) is root-analytic when defined in some right neighbourhood
of 0.
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32. NOTATIONS FOR 3.3-3.8

Letd € [~,0)and Ay, ..., A, #0bereal and v: [0, p] — IR" a root-analytic
curve (i.e. v extends root-analytically to some right neighbourhood of [0, p]).
For any ¢ € R, we introduce the transformation

A (xy, . x) B (E™xk=1,...,n). (17)
Concerning the component functions of the curve v, we assume

0,(0) =0 whenever A, <0. (18)
We write |, for the order of v, and decompose

Up(u) =utew ()  (k=1,...,n) (19)

using suitable root-analytic functions wy of order O (in the trivial case v, =0, we
set formally [ = o, w; = 1). Define

O ATAIDosk, 0y V() = v (pe). (20)
Next, we define the value & < 0 by

1
- == max L

— = =K 21
O 2,<0,u,#0 Ay 2D

O]

(if A, > O for all k or v, =0 whenever A, < 0, then set 3 := 8). Finally, we introduce
the conjugate functions and orders

Vi(p) := v'(ped), Tyi=—Ap/O+Me+re/d. (22)
Immediate calculations yield

Vi(p) = ettt (pet), Tl (p) = e phihalty, (pel).  (23)

Hence:

3.3. LEMMA

We have v(u) = V(/®le4(1) and p, >0 if A, < 0. The components
U V,C(”a)bg“(u)(l) are root-analytic functions of order [I; = 0 for every index k.

We have Ji, =0 if and only if A, <0 and py/A, =6"'1=87".

Next, we establish the pointwise convergence of V!, V! for t — oo,
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34. LEMMA

The curves V:=lim,_, .V V:=1lim,. V' are well-defined on (0, =) and
they are A'-invariant for every ¢ € R. For any fixed p > 0, we have lim, S =AV(p)
=1lim, , . A"V (p)=0.

Proof
We know 1,8,1,d <0 for any k. Hence, by (23)

VE(P) = L1y (i) pMBwi (0), Vi (p) = 110y (i) ™ /Fwy (0) (24)

as t — o« * Thus, V,(p) #0 implies p, =0 and hence A < 0 because if A >0, then
1,(0) = 0 and so i, > 0. Therefore, A'V(p) — 0 (t = ). Similarly, V, (p) # 0 implies
L, =0, which means A, > 0 by lemma 3.3. Hence, A~ V(p) = 0 (¢t — o). Finally
observe that, disregarding the trivial case 6 = —oo (where V =0), for any &,

[A V(P = 11y (e )e™ pM/3y, (0) = V, (pe™¥). (25)

The argument can be repeated with V in place of V. Thus,
AV(p)=V(pe™), AV (p) =V(pe™) (1eR). (26)

For purposes of proving theorem 2.2, we investigate the convergence of the
derivatives of V' and V*, respectively. To do this, it is convenient to introduce, for
any N=0, 1, ..., the decompositions

N

d
d_W [up.k +Xk /awk(u)] —_ up.k +kk /B—ka’N(u) . (27)
u

Since any wy is a root-analytic function of order 0, it follows that the functions wy y
are also root-analytic. Note that the order of w, y is >0 if p, = 0. From (23) we
obtain

ay 5
— Vi(p) = e(r NI pitethe ] NWk,N(Pe&),
dp
(28)
av T +N)St py+hy /5=N 3
— Vk’(p)= e(Ft ) ’p}lk ¥ 10— Wk,N(pc l)_
dp

*For a set §, g denotes the Kronecker function 15(x):=[1, (x € S), 0 (x & S)}.
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3.5. LEMMA

For any v € (0, 8—8) and N, k there exists ® > 0 with

dV N
d
e® sup PNI — Vi (P)——x V(P> 0 (t— o). (29)
pell,e¥] P
Proof
Since p, 20 and 8 <0, for fixed p,
d¥ /B
S V) 2 o PNy (0) (1o ). (30)

Case 1. n;=0. Then we have, by assumption, A, >0 and hence A,/8 < 0.
Thus, we can estimate

N

d -
M Vi) = w1 PN i (pe™) — iy O)
p
< sup [wn@-wn O] (pse”). (31)
u<e v+ 8y

Case 2. p;> 0, A, > 0. Then we have 18 + V(L + Ae/8) < [ (B + V) < 16 < 0.
Hence,

dN
M ol Vi(p)| < e* max|w, y| (p21). (32)

Case 3. w,>0, A, <0. Again from the definition of 5, we have 1,8
+ V(e + M) <y 8+ (8 = 8) (e + Ai /8) = (3 / M) (i3 6"—5"1)<0 Hence,

dN
V= Vi)l < et ®ee D maxy, | (p<e™). (33)

Thus, the three estimates and the root-analyticity of wy y establish that

N

penpw]p”l —x V() =110 (i) pH /5Ny (0)] = 0(e™) (34)

for some @> 0 as t — . In particular, the derivatives d"V{(p)/dp" are locally
uniformly convergent, whence the statement is immediate.
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3.6. LEMMA
Given k, N there exists € >0 such that for any V € (0, €)
N N

d¥ - d¥ —
sup | —x V/(p)— —x ()| >0 (t— o). (35)
pele',1] dp" k dPN

Proof

Case 1. iy =0. According to lemma 3.3, in this case we have A, <0 and
He +A /8 =X, /8(> 0). Therefore,

dN _ - = -
| o7 Ve = P M (01 = PNy (pe®) = wi i (0))

< eV MB-N I max |wy v (1) —wiey (0)] (e < p<1). (36)
use

Since the function wy y is root-analytic,
W n (@) —we y ()< u® (0<us<p) (37

for some @ > 0. Thus, if ™ < p <1, we can estimate

N - —
l Ed.z;_”— Vi (p)— P3N wi n (0)| < expl(V[Ae /8 — N |+ Be)r]. (38)

Here, the right-hand side — 0 for t — oo if V< ®|3|/|A/8— N]|.

Case 2. £>0. If e™ < p <1, then from (28) we infer directly

dN

| WDIs exp{(d + VIpg +Ap /S~ N|)rImax|wy v |. (39)
pP

Here, the right-hand side — 0 for £ — oo if V <, |8]/]py + Ae /8= N|.

37. LEMMA

If v, =0 whenever A, <0, then

Sup [|v' ()] — 0, length{v'(u): e <u<pl o0 (1o o). (40)
usp

e® Sus

Proof
It follows from (27) that
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dN 1 aN ! -5t ~At +A, /8~N
— v, () = —a—N Vi(ue™) = e eyttt Wy (1). (41
u

Since v, # 0 implies A, > 0, we have dVvi(u)/du™ — 0 for any fixed u € (0, p) if
t — oo, Therefore, it suffices to show that

p
jlad; U (u)|du —> 0 (A >0, t > o), (42)
c&

Fix k with A, > 0. Since the root-analytic function wy ; has non-zero order if p, = 0,

UM [wie ()| < Y™ (0 Su<p) (43)

for some ¥,, W, = 0 such that y; + ®, > 0. However,
P
e-lkt J- up.,‘+kk/6—l+mk du = ake(""‘“"")& + b,(e"‘*’ (44)

e®

for suitable constants a,, b,. Since i, 20 and 8§ <0, hence (42) is immediate.

38. LEMMA

In the case & = —< for every V>0, we have

length{v' (1) : 0<u<e® V) 50 (1 o). (45)
Proof

As we have noted in the course of the proof of lemma 3.7, for any & there
exists Y., 0, 2 0 such that

l Ed; U ()| due < bl — ot (0 <y < p) (46)

and i, + o > 0. Since —Ag + (e + @) (8 —V) < =Xy + 11,8 <0 by the definition
of &, we can estimate for t — oo

d T -
J' l '&; U;((u)[du < -}.Tk_’i&(l)_k- Cxp[(“‘y\.k +(“k +(Dk)(8 -‘V))[] - 0. (47)

This completes the proof.
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3.9 PROOF OF THEOREM 2.2

Let ¢ : [0, 1] = IR" be a piecewise analytic curve changing catchment regions
finitely many times. Thus, there is a partition of [0, 1] into consecutive pairwise
disjoint intervals /;, ..., Ix and there is a sequence ¥, ...,yx €S such that for
every i we have ¢([;) c Ay and the restriction of ¢ to /; extends analytically to
some neighbourhood of the closure of the interval I;. Let 0 =p; <...<pyx4+1=1
be the enumeration of the end points and middle points of the intervals /;. Write
¢':=exp(~D f(x)d/dx)é. Fix any index i and for u € [0, 1] define

EL(: +(Dirt — 0 -
) = {:(p.up,,q pw)  forodd i (48)
€ (pi+1 — (Pix1 —pi)u) foreven i.
Observe that ¢’ = exp(-Df(x)d/ox)c and
c'(0)eAy, (0,1 c Ay (£20) (49)

for some y’, y” € §S.

Thus, it suffices to see that, in arc length parameterization, ¢' converges
uniformly to some IRC joining the singularities y” and y”. This follows immediately
from the deeper statement below.

310 PROPOSITION

Let ¢ : [0, 1] - R” be a root-analytic curve, y’, y” € S satisfying (49) with
¢! 1= exp(=Df(x)d/ox)c.
Then, in the case of y’ = y”, we have lim,_, ., length ¢‘=0.

If y’# y”, then there exists a sequence y'=yy, yi,...,y,=y"” € S with
—o0=8p< M <8 <M< 8< ...<MN, < <0 and there are steepest descent paths
Cy,...,CpL:(0,o) > IR" with the following properties:

lim, |, .c'(e"™) =y,_; (m=1,...,L). For every index m>0, the points

Ym-1 and y,, are joined by C,, and

(i)  length ¢'([0, e™]) >0 (t > o),
av 5
(i) S % [c'(pe”™) = Cp(PII > 0 (t = oo, N=0,1,m>0),
pelet™m~omi 1) dp
d B )ig 5
(iii) (asur% , ”" W_ (¢! (eNm— m)ide ml)_.Cm(e(TlmH' m)lq)]" -0
pe[elom=Tm+l),

(t—> oo, N=0,1,m< L),

@iv) length ¢'([e"™,1]) - 0. (t = o).
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Proof

It is convenient to use the extended coordinatizations T, (y € §) introduced
in proposition 2.1. First, let us consider any y e [0, 1] such that c([y, 1]) € A,-~.
Then, c([y, 1]) € U,~ and, by 2.1, the _component functions of the curve
Wiu Ty (c(u— y)) satisfy W, =0 (ky < 0). Applying 3.7 with v=W and
&= —oo, we obtain

length T,-(c'([¥,1])) > 0 (t — o). (50)
Since the mapping 7, is bianalytic, its inverse Ty",,1 is locally Lipschitzian. Therefore,
()= y”, length ¢'((v,1) >0 (t— e, c(y)e Ayr). (51)

In particular, if y’ = y”, then the first statement is contained in (51) for y=0.
Henceforth, assume that y” # y”. Define

={yeS:3p>0 c((0,p]) cUy}. (52)

Note that y’, y” € Y. Fix p >0 such that ¢((0, p]) € N, eyU,y.
We carry out the following finite recursion. Set

g 1= —oo, Yo=Y,
Oc(u) :=c(u) (0<u<p), (53)
Co(p) =0 (p20).
Suppose that J,,, ¥, "¢, C,, are already constructed and fulfill
6, <0,
Cn(p) = lim ¢ (pe) (p>0),
=00
Cn(P) > Im (p = ), (54)
Cn(P) = Y- (p—0, m>0),

where C,, is a steepest descent path and the curve "c : [0, p] = R"” is root-analytic
so that

"c(0) = Cn (1),
(55)
me(u) = cA®mlosuyy (0 < u<p).

We finish the recursion by setting L :=m if y,, = y”.
In the case y, #y”, we define 8,1, Ym+1, ™" lc, Cp o1 to satisfy (54) and
(55) for m+ 1 in place of m as follows. Consider the curve
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v(w) =T, (Mc(u)) 0O<u<p). (56)

Since the mapping 7;,_is analytic, the curce v is root-analytic. Furthermore, we have

v0) =T, (C,())e T, (Ay ), v(0,p) c Ay, A Ay, = ] 7N
By setting A, =X (k=1,...,n), in view of (8) we then have
V(0)=0 (A, <0), {k:X, <0, v, #0}#0. (58)

Now we define §,,, , in terms of the notation 3.2 as 8,,41:= & for = §,.
That is, by writing p, = ™y, for the order of the root-analytic component function
U = (Tym)lu

1 1 m
—————=max{—i;:;k—:7%"'<0, (T, 0 # 0}. (59)

Remark that §,,<§,.,;<0.
Having defined 9§, ,; with a value in (0, ), we can set formally

Cpi1(p) = ‘lim c’(pes'"“‘) (p>0),
mHe(u) i= cWomndlogu () (0<us<p).

Observe that the meaning of the notations 3.2 for v=T, ("c), 8 = 5, 8 = 8,5y and
A=A, is the following:

vl (u) = Al-(l/ﬁ)loguv(u) — AI;-"‘(IIS,,,)log uT)‘m (Ct—(llﬁ,,,)logu(u))

=Ty, (exp[—(t = (1/8,,)logu)D £ (x)d / dx]c'~M/dm)logw ()

= Ty, (c(Bm) g utli=0IomloBul () = T, (c'(u))  (0<u<p), (61)

Vi(p)= v (ped) =T, (c'(ped)) (p, 12 0)
and

Vi(p) =T, (c'(pednt)) (p, 12 0). (62)
Hence,

mHe(u) = T, (VW8me)loe (1)) O<us<p). (63)

From lemma 3.3 it follows that the curve T, (" *1¢) admits a root-analytic extension
to [0, p] and consequently ™*!c is also a root-analytic curve on [0, 1] with the
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extension ™ * 1¢(0) := lim, _, o™ * 'c(u). Again, by writing V := lim,_,., V*, from lemma
3.4 we see that

V(p): p>0c{x:lim A"x=0}
1—o0
c{x: 3 AxeT, (U,))=T,,U,,). (64)

Thus, the curve Ty;l(V):(O,oo) — R" is well defined and

TN (V(p)) = -l(hmvua)) (nmr (c'(pe M:)))

= lim ¢! (pe®') = Cpi(p) (P> 0). (65)

t—00

This shows that C,,,; is also well defined on the whole (0, ). Moreover, (26)
ensures that C,,.; is a steepest descent path issued and, by lemma 3.4,

lim Cm+l(p) - T (O) Ym (66)

po—

We also see that
mle(0) =T, (llm vﬂ/‘”’ml)bg“(l)) (hm V! (1)) Cri1 (D). (67)
0

From proposition 2.1, we know the steepest descent paths converge to points
from §. Define

Yme1:= lim Cpiy (p). (68)

p—ree

Choose py>0 such that C,.1(pg) € UymH By the definition of Cm+1» we
have dist(yn .1, '([O p1)) = 0 (t = o). Thus, for some T>0, c¢'(poe mﬂ‘)

=T} (V' (po)) € Uy,,, (¢27), that is,

cWBma)logWlp)(yy e J, (0 < u< ppeln®), (69)

Hence, from the definition of Y we can see directly that y,,, ; € Y. This completes
the proof of (54) and (55) with m + 1 in place of m.

Since the function f decreases strictly along non-constant steepest descent
paths,

FOo)<f) <. .. <f(Ymr)- (70)

Since the family Y is finite, this means that the recursion stops in finitely many
steps.
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We define the logarithmic speeds 0y, . . . , ;. in the following manner. Lemma
3.6 applied with 8 = §,, to the curve v defined in (56) ensures in view of (35) that
for any m < L we may choose V,,,; € (0,8,,,1 —6,,) such that

dN
[ o [Ty, (¢ (pe®¥)) =T, (Cpar (PN — 0 (71)

sup
pe(evm,1]
for t > %0 and N =0, 1. Choose V,,,; in this way and define
Nma1:= 6m+1 —Vm+1 (m =0,... vL_l)- (72)

Observe that since the steepest descent path C,, , ; starts from y,, and ends in
Ym + 1, the curve

Coni=(Cn(P) : PZ U (¥} U (Cr1(p) : p< 1) (73)

is a compact subset of the domain U, . Therefore, for any 0 <m <L, there exists
a precompact neighbourhood G, c U,_ of C,,, such that all the denvatnves of the
mappmg T, are bounded on G, and all the derivatives of T are bounded on
H, (Gm) Note that H,, is also a precompact nclghbourhood of T, (C ).

On the basis of the previous observation and lemmas 3.5-3.8, the statements
3.10 (i)—(v) can easily be venﬁed

Proof of (i): Forv=T,(c), 6= —oo, we have 8=298, and V' = = T,,(c") with the
notations 3.2 by the prevmus considerations. Apply lemma 3.8 w1th v=25 -
Hence, we find that

length T, (c!([0,e™]) >0  (t— ). (74)
Thus, for sufficiently large ¢, we have T, (¢'([0, e™])) € Hy and hence (i) is immediate

by the boundedness of the denvatwes of T lIHO
Proof of (ii), (iii): For v=T, ("c), 8 8., we have 8 =8, and

Vi(p) =Ty, (c'(pe®*)),  V'(p) =T, (c'(pePt)),

V(p) =T, (Cn(p)): V(p) =T, (Cru(p))

(3)

with the notations 3.2, By setting v :=Mpy 41— 0, and V:=38,41 —Nm+1, by the
definition of n,,,; we obtain

N
Ty, (c' (pe®1)) = T, (Crr (PN]I

su —_—
pe[e(ﬂm+lgm+l)“1]“ de [

N —
= 8P, o T-T@N-0 (== N=01. 76

pefeVm+t 1]
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Notice that for N=0, 1 we have

N
'('%)Tv' (T, (c' (e(m1=8m)1dadmt yy T, (Cos1 (e(Mme1-3m)iq y))
g "
= —5 Ve -V =" 7 VD=V (D)
p p
Hence, lemma 3.5 entails
dN 8, g 8,1
sup | = [Ty, (¢! (eMm1 =0 ent)
ge[1,eMm+1-8m)t | dp
= T, (Cpar(€Mm1 2] 5 00 (1> o0). (78)

Thus, for sufficiently large ¢,
Hm c Tym(ct({peamﬂl : e(ﬂm"snnl)l < )/ < l}

U {e(ﬂm+1~5m)lq+5mt 1< q < e(ﬂmﬂ"&n)‘ })

=T, (c'([e™, et ])), (79)

Now the boundedness of the den‘vatives of TZ!|Hy establishes (ii), (iii).

Proof of (iv): For v=T,,(c), 8=9,, we have v’ = T, (c") with the notations
3.2. In this case, V'(0) =%~ Ic(()) CLI)EA, =Ay However c'(u) € Ay~ for every
t and u. Therefore, u([0, p]) < A,,, whence vk = O (ML < 0). Thus, applymg lemma
3.7 we see that

T, (c'([e®,p])) = 0, length c'([e%,p]) >0 (1 o). (80)

The boundedness of the derivatives of T‘l |Hy provides the result immediately.
The relations c‘(e""") —) Ym-_1 (M= 1 , L) follow directly from (iii) with
the substitution p = e(Mm=4m),
The proof of proposition 3.10 is now complete.
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